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Some form of missing energy may account for the dierence between the observed cosmic matter
density and the critical density. Two leading candidates are a cosmological constant and quintessence
(a time-varying, inhomogenous component with negative pressure). We show that an ideal, full-sky
cosmic background anisotropy experiment may not be able to distinguish the two and, due to
this ambiguity, may not determine the matter density or Hubble constant. We further show that
degeneracy may remain even after considering classical cosmological tests and measurements of large
scale structure.
This paper looks ahead a few years to a time when
highly precise, full-sky maps of the cosmic microwave
background (CMB) anisotropy become available from
satellite experiments such as the NASA Microwave
Anisotropy Probe (MAP) and the ESA Planck mis-
sion. The goal is to determine if measurements of the
anisotropy by itself or combined with other cosmologi-
cal constraints can resolve between competing models for
the \missing energy" of the universe. The missing energy
problem arises because inflationary cosmology and some
current microwave anisotropy measurements suggest that
the universe is flat at the same that a growing number of
observations indicate that the matter density (baryonic
and nonbaryonic) is below the critical density (Ωm < 1).
These two trends can be reconciled if there is another
contribution to the energy density of the universe be-
sides matter. One candidate for the missing energy is a
vacuum density or cosmological constant ().1 A second
candidate is quintessence, a time-varying, spatially in-
homogeneous component with negative pressure.2 Both
models t all current observations well.1, 3
If current observational trends continue, determining
the nature of the missing energy will emerge as one of
cosmology’s most important challenges. The issue must
be decided in order to understand the energy compo-
sition of the universe. Also, as shown below, ambiguity
concerning the missing energy leads to large uncertainties
in two key parameters: Ωm and h (the Hubble constant
in units of 100 km sec−1 Mpc−1). In this Letter, we
show that, despite extraordinary advances in measure-
ments of the CMB anisotropy and large-scale structure
anticipated in the near future, the missing energy prob-
lem and, consequently Ωm and h, may remain unresolved
in some circumstances.
The key dierences between quintessence and vacuum
density are: (1) quintessence has an equation-of-state w
(equal to the ratio of pressure to energy density) greater
than −1, whereas vacuum density has w precisely equal
to −1; (2) the energy density for quintessence varies with
time whereas the vacuum density is constant; and (3),
quintessence is spatially inhomogeneous and can clus-
ter gravitationally, whereas vacuum density remains spa-
tially uniform. The rst two properties result in dierent
predictions for the expansion rate. The third property
results in a direct imprint of quintessence fluctuations on
the CMB and large scale structure.
For the purposes of this investigation, we model
quintessence as a cosmic scalar eld Q evolving in a
potential, V (Q). Depending on the form of V (Q), the
equation-of-state w can be constant, monotonically in-
creasing or decreasing, or oscillatory.2, 4 If w is time-
varying, it is useful to dene the average equation-of-




daΩQ(a) where a is the
expansion scale factor. Roughly speaking, the CMB
temperature and the mass power spectra of a model
with a slowly-varying w(a) is most similar to those of








dz ΩQ(z), where _w  dw=d ln z.
If w is rapidly varying, _w
2 >
 1, the spatial fluctuations in
Q and the variation in the cosmic expansion rate signi-
cantly alter the shape of the cosmic microwave anisotropy
power spectrum,2, 4 producing dierences from  models
that are detectable in near-future satellite measurements.
The degeneracy problem between  and quintessence
arises if w is constant or slowly-varying ( _w
2
 1), as
occurs for a wide range of potentials (e.g., quadratic or
exponential) and initial conditions. For w < −ΩQ=2,
we nd that the eects of quintessence on the CMB
power spectrum can be closely mimicked by a model with
, provided Ωm and h are also adjusted. Even for an
ideal, cosmic variance limited, full-sky measurement of
the CMB anisotropy, there is a degeneracy in the three-
dimensional parameter space of Ωm, h and w.
Figure 1 illustrates the degeneracy problem for CMB
anisotropy measurements. Figure 1a shows the plane of
Ωm and w with a sequence of dashed curves. The case of
a cosmological constant corresponds to the axis w = −1
and the remaining plane corresponds to quintessence
1
models with constant or slowly-varying w. Each dashed
curve represents a set of cosmological models with a Q- or
-component whose CMB anisotropy power spectra can-
not be distinguished even with cosmic variance limited,
full-sky measurements. (Our numerical computations ex-
tend to multipole ‘ = 4000.) For example, for xed
Ωbh
2 and ns (the spectral index of scalar fluctuations), a
model with quintessence and Ωm = 0:47, w = −1=2 and
h = 0:57 (circle) produces a nearly identical CMB power
spectrum to a  model with Ωm = 0:29, w = −1 and
h = 0:72 (square). Figure 1b illustrates the two power
spectra, which overlap almost entirely. If the value of h
for the rst model is changed, the value of h for the rest



































FIG. 1. The CMB degeneracy problem: Each dashed curve
in (a) represents a family of QCDM and CDM models with
indistinguishable CMB anisotropy power spectra. For ex-
ample, Panel (b) shows two overlapping spectra for the 
(square) and quintessence (circle) models indicated in (a).
Models beyond the dotted line in (a) (e.g., the triangle) are
distinguishable.
The degeneracy curves can be understood theoreti-
cally. They correspond approximately to the set of mod-
els that obey the following constraints: (a) Ωm + ΩQ =
A = 1; (b) Ωmh
2 = B; (c) Ωbh
2 = C; (d) ns = D; and,
(e) ‘P = E. Here A;B;C;D;E are constants, and ‘P
is the multipole corresponding the position of the rst
acoustic (Doppler) peak. Constraint (a) is the flatness
condition. Constraints (b)-(d) are required in order for
the Doppler peak heights to remain constant. Along
with constraint (d), we assume that r, the ratio of the
tensor-to-scalar primordial power spectrum amplitudes
obeys inflationary predictions.5, 6 Constraint (e) insures
that the acoustic peaks occur at the same multipole mo-
ment. The peak position ‘P (proportional to the ratio
of the conformal time since last scattering to the sound
horizon at last scattering) depends on Ωmh
2, Ωbh
2, h
and w. The only way to keep ‘P constant along the de-
generacy curve as w varies is to adjust h, since Ωmh
2
and Ωbh
2 are constrained to be xed by (b) and (c). M.
White has independently noted similar conditions for de-
generacy for constant w models.7 Our results are based
on full numerical codes which include the fluctuations in
Q. Our computations conrm that the conditions are a
good approximation to the degeneracy curves and that
the fluctuating Q eects are too small to break up the
degeneracy if w < −ΩQ=2 (to the left of the dotted line
in Fig. 1a). However, for w > −ΩQ=2 the large inte-
grated Sachs-Wolfe contribution and direct fluctuations
in Q distort the temperature power spectrum such that
the degeneracy is broken. Models to the right of the dot-
ted line can be distinguished from CDM at  3 level,
assuming a cosmic variance limited measurement.
A degeneracy curve represents the center of a strip
of models in the Ωm − w plane which cannot be distin-
guished by the CMB alone. To estimate the width of the
degeneracy strip, we select a quintessence and  model
on a given degeneracy curve, vary , and compute the
likelihood that the quintessence model and the  model
are distinguishable, allowing for cosmic variance uncer-
tainty. For each value of the cosmological constant , the
parameters ns, h, Ωm and Ωb are varied until the likeli-
hood is minimized. To compute the likelihood, a novel
estimating procedure has been introduced which applies
to more general examples of CMB analysis. The attrac-
tive feature is that the likelihood is simple to calculate
analytically, avoiding the need for Monte Carlo. Suppose
ModelsA andB are to be compared. We wish to estimate
the likelihood that a Model A real-sky would be confused
as Model B. Since the prediction of Model A is itself
non-unique, subject to cosmic variance (and, in general,
experimental error), we need to average the log-likelihood
over the probability distribution associated with A. Only
cosmic variance error, C‘=
p
2‘+ 1, is assumed for each
multipole C‘ and the distribution is chi-squared. In our
notation, C‘’s are the cosmic mean values and x‘ are the
values measured within our Hubble horizon. Then, the






P(fx‘gjA)dx1 : : : dx‘ : : : (1)
where P(fx‘gjA) is the probability of observing the set of
multipoles fx‘g in a realization of Model A. Since each
multipole is statistically independent, P(fx‘gjA) can be
written as a simple product of chi-squared distributions
for each ‘. Substituting the chi-square distribution for















Here we have assumed no experimental error, but it is
a simple matter to include an additional experimental
variance. Note that Lba 6= Lab in general, although the
dierence is small in practice. We decide distinguishabil-
ity according to the min(Lba; Lab). For variations Ωm
greater than 0:05 from the degeneracy curve value, the
log-likelihood satises −lnL  6, corresponding to dis-
tinguishability at the 3 level or greater.
Suppose that the CMB anisotropy measurements con-
form closely with one of the degeneracy curves in Figure
1, a possibility consistent with current observations.3 The
degeneracy means that one cannot distinguish whether
the missing energy is quintessence or vacuum energy.
Furthermore, Ωm and h vary along the degeneracy curve
(so as to keep Ωmh
2 constant), such that the uncertainty
in these key parameters is very large. How can the am-
biguities be resolved?













FIG. 2. The CMB anisotropy constrains models to a par-
ticular degeneracy curve and, independently, provides tight
constraints on ns, Ωmh
2 and Ωbh
2. The latter constraints,
along with other observational limits discussed in the text,
xes an allowed range of Ωm and w (the shaded region using
the example discussed in the text). The combination deter-
mines the best-t models.
Other cosmological observations may not be as precise
as those of the CMB anisotropy, but they have the advan-
tage that they do not share the same degeneracy. If other
observations can be used to determine separately Ωm or
h (or some combination of Ωm and h other than Ωmh
2),
then perhaps the degeneracy between  and quintessence
can be broken. We have considered the current best-
limits on Ωm and h obtained by combining current limits
on age (> 10 Gyr), Hubble constant (0:5 < h < 0:8),
baryon fraction (Ωbh
3=2=Ωm  3-10%), cluster abun-
dance and evolution,9 Lyman- absorption,10 decelera-
tion parameter11 and the mass power spectrum (APM
Survey).8 The current constraints and the techniques for
combining them have been detailed elsewhere.1, 3 We also
include the fact that the CMB anisotropy will provide
tight constraints on ns and the combinations Ωmh
2 and
Ωbh
2 to within a few percent.
Even combining all the observational information
listed above, Ωm and h are not highly constrained. Fig-
ure 2 shows a shaded region in the Ωm-w plane which can
satisfy the observational constraints at the 2 level. In
obtaining the shaded region, we have assumed for illus-
trative purposes that the CMB anisotropy converges on
ns = 1, r = 0, Ωbh
2 = 0:02 and Ωmh
2 = 0:15 (reasonable
values). In this case, acceptable models must lie at the
overlap of the degeneracy curve picked out by the CMB
anisotropy and the shaded region.
Three possibilities emerge, as shown in Figure 2: (1)
the degeneracy curve overlaps the shaded region only
over a limited range of w so that the ambiguity between
quintessence and  is broken and Ωm, h and w are well-
constrained; (2) the degeneracy curve cuts through the
shaded region in such a way that a substantial ambigu-
ity remains; or (3) the degeneracy curve and the shaded
region do not overlap at all. Case (3) appears at rst
to be a contradiction: the CMB spectrum conforms to
the predictions of a CDM or QCDM model, but con-
straints from other cosmological observations (shaded re-
gion) suggest that the Ωm is too small (or too big). How-
ever, this situation is precisely what ought to occur if
one of our underlying assumptions is incorrect: namely,
the flatness assumption, constraint (a). By introducing
spatial curvature as an additional component (A 6= 1)
further degeneracy arises. Associated with curve (3) is
a continuous family of degeneracy curves in the Ωm-w
plane each beginning from a dierent value of Ωm along
the w = −1 axis.12, 13 Making the universe open (closed)
produces CMB degeneracy curves beginning with smaller
(larger) values of Ωm, whereas the shaded region in Fig. 2
is only modestly changed. So, for example, curve (3)
in Figure 2 is also degenerate with an open model with
Ωm = 0:4, Ω = 0:54 and h = 0:8, which is consistent
with the shaded region. Adding curvature is inconsistent
with standard inflation-based models, but case (3) exem-
plies how we may be forced observationally to consider
the possibility.
The fact that Case (2) { continued degeneracy { re-
mains possible after so much data has been invoked is
remarkable. A reduction in experimental uncertainty ()
by a factor of two for all of the measurements moderately
contracts the shaded region in Fig. 2, but this is not suf-
cient to remove all possible degeneracy. For some con-
straints, much more than a factor of two improvement
can be anticipated. For example, the Sloan Digital Sky
Survey (SDSS) will provide a substantial improvement
in measurements of the mass power spectrum P (k) and
velocities,14, 15 especially on large lengths where P (k) for
models along the degeneracy curve are most dierent.
3
Even so, as Figure 3 shows, SDSS will not be good enough
to resolve the dierences in the shape of P (k) among
models along the the degeneracy curve. Not only are the
power spectra and velocities of the models along the de-
generacy curve very similar today (z = 0), but also the
growth factor that describes the evolution of the power
spectra for the models are very similar. Hence, structure
evolution is not a powerful discriminant, either. Figure
4 shows the prediction for the red shift luminosity rela-
tion, as measured using Type IA supernovae as standard
candles11 for models along the degeneracy curve. The
quintessence models are somewhat separated from the 
model; however, it is premature to say whether obser-
vations will become accurate enough to make this dis-
tinction. Similarly, predictions of rich cluster evolution
(the ratio of cluster abundances at red shifts z = 0:5 to
z = 0) vary by two orders of magnitude along the degen-
eracy curve, and so can also be used as a discriminant if
there is a substantial improvement in the observational
constraint.9
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FIG. 3. Mass power spectra for models along the CMB
degeneracy curve in Fig. 1a are dicult to distinguish with
large-scale structure measurements. The error bars are pro-
jected standard errors (1) for SDSS assuming the middle
(w = −2=3) curve.
Our conclusion is asymmetrical. A large spectrum of
quintessence models, those with rapidly varying w or con-
stant w > −ΩQ=2, can be distinguished from  mod-
els by CMB measurements alone. However, any given 
model is indistinguishable from the subset of quintessence
models along its degeneracy curve. Combining the con-
straints which the CMB impose on ns, Ωmh
2 and Ωbh
2
to the other current observational constraints sometimes,
but not always, breaks the degeneracy. Adding spatial
curvature as an additional degree of freedom increases
the degeneracy. Depending on how measurements over-








FIG. 4. The magnitude-red shift relation may be an ap-
proach for distinguishing  models (thick solid curve) from
the family of quintessence models (dashed curves) along the
degeneracy curve. m is the dierence in the predicted mag-
nitude of a standard candle for a given model and an open
universe (Ωm ! 0, middle dotted curve). The dashed curves
are QCDM models with w = −5=6;−2=3;−1=2;−1=3 from
top to bottom, respectively. Type IA supernova data is from
Garnavich, et al., Ref. 9. For reference, an Ω = 1 (upper
dotted) and Ωm = 1 (lower dotted) flat model are shown.
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